HEAT CONTENT ASYMPTOTICS FOR OPERATORS OF 
LAPLACE TYPE WITH SPECTRAL BOUNDARY CONDITIONS 
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Abstract. Let P be an operator of Dirac type and let D = P 2 be the asso- 
ciated operator of Laplace type. We impose spectral boundary conditions and 
study the leading heat content coefficients for D. 



1. INTRODUCTION 

Let P be an operator of Dirac type on a vector bundle V over a compact Rie- 
mannian manifold M of dimension m with smooth boundary dM . Let D := P 2 
be the associated operator of Laplace type. The leading symbol 7 of P defines a 
Clifford module structure on V. Choose an auxiliary connection V on V so that 
V7 = 0. Adopt the Einstein convention and sum over repeated indices; indices i,j 
will range from 1 to m and index a local orthonormal frame {e^} for TM. Expand 

P = 7iV ei + ipp ■ 

We must impose suitable boundary conditions. As P need not admit local bound- 
ary conditions, we shall consider spectral boundary conditions; these were first in- 
troduced by Atiyah et. al. to study the index theorem for manifolds with 
boundary. Near the boundary, normalize the local frame so that e m is the inward 
unit geodesic vector field. Let indices a, b range from 1 to m — 1 and index the 
induced orthonormal frame for TdM . Let 

A = -7m7aVe + IpA 

for some endomorphism i])a oiV\dM', A is of Dirac type on V|aM with respect to 
the induced tangential Clifford module structure 7J := — -f m Ja- 

For the sake of simplicity, we shall assume A has no purely imaginary eigenval- 
ues. Let nj^ be spectral projection on the span of the generalized eigenspaces of 
A corresponding to eigenvalues with positive real part. This spectral projection 
defines a boundary condition for P; the associated boundary operator for D is 

B:=U+®U+P. 

Let Dg be the associated realization. The fundamental solution e~ tDe of the heat 
equation is well defined; u = e~ tDts (f) is characterized by the relations 

(dt + D)u = 0, Bu = 0, and u\ t =o = <j) . 

We refer to Grubb [HHEI and Grubb and Seeley [T21 [TH1 E3| for further details. 

Let (■, ■) be the natural pairing between V and the dual bundle V*, let dx be the 
Riemannian measure on M, and let p 6 C°°(V*) be the specific heat. The total 
heat energy content of the manifold with initial temperature (j) is given by 

0(<l>,p,D,B)(t) := f M (u(x;t),p(x))dx. 

If we had imposed local boundary conditions such as Dirichlet or Robin, then it is 
well known that there is a complete asymptotic series for j3 with locally computable 
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coefficients j3 n . We refer to H El H El HS1 111113 CHI for a discussion of this case. 
Thus we assume there exists a complete asymptotic series as t J, of the form 

oo 

p, D, B)(t) ~ ^ p, D, B)t n ' 2 . 

If * is an operator on C°°(F) or on C°°(F*), let § be the formal adjoint on 
C°°(V*) or on C°°(V), respectively. Similarly, if $ is an operator on C°°(V|0m) or 
on C°°(V*\ dM ), let # be the adjoint on C°°(V*\ dM ) or on C°°(V\ au ), respectively. 
Let V be the dual connection on V * , let L a b be the second fundamental form of the 
boundary, and let dy be the Riemannian measure on the boundary. We omit the 
proof of the following Lemma in the interests of brevity as it is straightforward. 

Lemma 1.1. (1) P = — 7 iV ei + ipp and A = — 7m7Q V ea + ipA- 

(2) Let A* :=j m Aj m on C°°(V*\ eM ). Then: 

(a) LT^ # defines the adjoint boundary condition for P. 

(b) B := LT^ # ©iI^ # P defines the adjoint boundary condition for D := P 2 . 

(c) Let ip A # := jm^pAlm + L aa Id. Then A* = - 7m7a V e „ + ip A # . 

(3) f M {(D</>, p) - (0, D P )}dx = - / aM {( 7m n+P0, p) + (Pcf>, 7m n+ # p> 

+ (0, 7m n+ # Pp) + ( lm Il+(j),Pp)}dy. 

(4) We have (Id -II+) 7m = 7m II+ # . 

(5) IfB4> = and if Bp = 0, then f M {(D<j),p) - ((/>,£) p)}dx = 0. 
We can now state the main result of this paper: 

Theorem 1.2. Adopt the notation established above. 

(1) p (^P,D,B)= J M ( ( j )l p)dx. 

(2) h(<l>, p,D,B) = -^ f BM {IL$4>, U+ #P )dy. 

(3) fotf, p, D,B) = - J M (Dhp)dx + J dM {-( lm U+P4>, pY- ( 7m n+0, Pp) 

+\{{L aa + a + a* - -y m ip P + ^ P7m -ipA- v>A#)ni<A,n+ # p)}dj/. 

A variant of this result was established in 9 using a special case calculation. 
In this paper, we extend this result by using functorial methods. In Section El we 
derive various naturality properties of these invariants. These properties are then 
used in Section El to complete the proof. 

2. Properties of the heat content invariants 

We begin with some general observations: 
Lemma 2.1. (1) /3 ((f>, p, D, B) — J M (<j),p)dx. 

(2) tt ft AB)=Wp,P,B). 

(3) IfB<t> = Q, then %p n (<t>,p,D,B) = -p n - 2 (Dcf>,p,D,B). 

(4) If M is closed, then /3 n ((j), p, D,B) = if n is odd while if n — 2k is even, 
thenP 2k (<p,p,D,B) = (~l) k ± f M {D k <j>, p)dx. 

(5) /?„(0,p,(-P) 2 ,£) = /3„(0,p,P 2 ,£). 

Proof. The first assertion is immediate since u\t=o = <f>- To prove the second asser- 
tion, we set u(x;t) :— e^ tDB (f> and u(x;t) := e~ tD ®p. We then have 

d t u = —Du and d t u — —Du. 
Fix t > 0. For < s < t, set f(s) := J M (u(x; s),u(x;t — s))dx. By Lemma H~T1 (5), 
d s f{s) = J M {(d s u(x;s),u(x;t-s))-(u(x;s),d t u(x;t-s))}dx 
= J M {—(Du(x; s),u(x; t — s)) + {u(x; s),Du(x; t — s))}dx 
= 
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since Bu = and Bu = 0. Because f(s) is constant, Assertion (2) follows as 

= f(t) - f(0) = f M {{u(x;t),u(x;0)} - {u{x-,0),u(x;t))}dx 

= (3(<j>,p,D,B)(t)-(3(p,<p,D,B)(t). 

To establish the third assertion, we suppose that B(j> — 0. Since Bu = 0, we can 
use Lemma fl.il (5) and Assertion (2) to see 

dt0(tt>,p,D,B)(t) = d t /3(p,cf>,D,B)(t) 

= S M ( d t^( x '' t )>^( x )} dx = -Jm^"^!*)'^^))^ 
= -J M (u(x;t),D^(x)}dx = -0(p,D<t>,D,B){t) 
= -0(D4>,p,D,B)(t). 

We equate terms in the asymptotic expansions to derive Assertion (3). Assertion 
(4) follows by induction from Assertions (1) and (3); Assertion (5) is immediate. □ 

Mixed boundary conditions will play an important role in our discussion. Assume 
given an endomorphism 70 of T^Iom so that 7q = Id. Let 

S±:=i(Id± 7o ) and V ± := E ± {V\ aM } 

be the associated spectral projections and eigenspaces. For S £ End(V|aAf)) set 

#70, s4> '■= 3 -(V em + S)4>\ d M © ^+4>\dM ■ 

The operator D determines a natural connection V D . The following Theorem, after 
taking into account our sign conventions, follows from results of [3J. 

Theorem 2.2. Adopt the notation established above. Then: 

(1) f3 (cf),p,D,B 1(u s) = f M ((f>,p)dx. 

(2) -D, BwO = -fa J dM (E + <f>,E+p)dy. 

(3) 02(0, p, D,B 10 , S ) =-J M (D<f>,p)dx + J dM {(Z-(VZ><l> + S<f>),p) 

+ {\L aa E+dp,p) - (E+4>, Vf m p)}rfy. 

Example 2.3. We can relate spectral and mixed boundary conditions in the fol- 
lowing special setting. Let (9\, 6 m -i) be the usual periodic parameters on the 
torus T m_1 and let r be the radial parameter on the interval [0, 1]. Let / € C°°[0, 1] 
with /(0) = /(l) = 0. Take a warped product on M := T m_1 x [0, 1] of the form: 

ds 2 M := e 2ii - r U9 a o d0 a + dr 2 . 

The volume element is then given by dx = gdrd9\...d9 m -i where g :— e*-" 1-1 ^. Let 
e(0) := +1 and e(l) := —1 so that the inward unit normal is ed r - Let 9i € Mi(C) 
satisfy the Clifford commutation relations 9,*0j + OjOi = — 2<5y . Set 

7m := @m, 7q : = e f Q a , and 7° := e~ f Q a ■ 

Let 70 € M|(C) satisfy 7q = Id and 707m + 7m 70 = 0. Let 81 > and (52 > be 
real parameters. Let V = M X C , let = 0(r) and let p = p(r). Set 

P:=7m5 r + 7 a 9a+^i7m7Q on C°°(V), 

A := ~e lmla d e a + S 2l0 on C°°(V| aM ). 

For generic values of 82, ker(j4) = {0}. 

Let Vq := [0, 1] x C e . Let E± be projection on the ±1 eigenspaces of 70; we have 
that 7 m S_ = S+7 m . Let P := Jm.9 r + Sij m 70 on C°°(Vb), and let D := F 2 . Set 

S o := {E + <p © 5+Po^}|a[o,i] and 5" := £170 . 
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We show that Bq and B 10 ^s define the same boundary conditions for D by checking: 
E+(0|8[o,i]) = and E + P <f)\ a[Qil] = 0, 
s +(^b[o,i]) = and S + 7 m (5 r + 5i7o^)|g[o,i] = 0, 
^ s +(0la[o,i]) = and 7 m S_(d r </> + £i7o<A)|a[o,x] = °> 
^ 3+((Ma[o,i]) = and S_ (9 r + S>| a[ o,i] = . 

Lemma 2.4. 8 n {^g- x p,-D,S) = {2n) m ~ 1 d n {(j), p, D , B 1(hS ) in ExamvleWJb 

Proof. Let u := e~ tD °- B o(f>. Set u(r,6;t) := u (r;t). If $ = <f>(r) and * = *(r), 
then = S + $ and = Thus we may show u = e~ tDe 4> by checking 

{d t + D)u = (d t + D )u = 0, 

Bu = n\u © n^Pw = E+u © S+P u = B u = 0, 

u|t=o = u \ t =o = <f>- 

After taking into account the change in volume elements and equating terms in the 
asymptotic expansions, the result follows. □ 

Remark 2.5. The coefficients appearing in Theorem 11.21 are independent of the 
dimension m. This observation is quite general. Let Pq be an operator of Dirac 
type on a bundle Vq over an m dimensional manifold Mq. By doubling the rank of 
Vb and by replacing Pq by Pq © — Pq if necessary, we may suppose there exists 70 so 

70-P0 + Polo = and 7^ = - Id . 

Define analogous structures on M := Mq x S 1 by setting 

P := P + j d e and A := A - ~/ m 7ode ■ 

Let 4>(x,0) = 4>q{x) and let uq := e~ tD °- B o(f)Q. Set u(x,6;t) := u (x;t). Then one 
has u — e~ tDB <fi; thus the formulae in dimension m+1 restrict to the corresponding 
formulae in dimension to. By contrast, the corresponding formulae for the heat 
trace asymptotics 0[7] exhibit a very complicated dependence on to. 

3. Proof of Theorem 11.21 

Since u\t=o = <j>, Assertion (1) of Theorem 11.21 is immediate. The interior inte- 
grands in 8\ and j3% are determined by Lemma l2.1l f4). Thus we need only determine 
the boundary integrands. We apply Lemma \2 . II throughout . Dimensional analysis 
shows that the boundary integrands are homogeneous of total weight n — 1 in the 
jets of cj), of p, and of the derivatives of the symbols of A and of P. The spectral 
projections Il\ and LT^ # and the endomorphisms 7* have weight 0; the second fun- 
damental form L, the operators A and P, and the endomorphisms ipA and ipp have 
weight 1. 

We begin by studying 81; there is no interior contribution. If Btfi = 0, then by 
Lemma 0(3), Bi{<j>, p,D,B) = 0. Dually by Lemma P (2), 

A (0, p, D, B) = j9i(p, 4>, D, B) = if Bp = . 

Since the boundary integrand for (3\ must be homogeneous of weight 0, there exist 
universal constants so 

(3.a) ft(^p ) £) ) S) = / aM { c oM( n A^n+ # p)+c 1 (m)(7 m n+^n+ # p)}dy. 

Bv Lemmal2~Tlf5). 81 (6. o. P 2 . B) = /3 X (0, p, (-P) 2 , B). Replacing P by -P replaces 
7m by —7m. Thus (7 m n^0, LI^ # p) plays no role so we may take ci(m) = 0. 
We apply Lemma \2 . 41 with / = 0. By Theorem 12 . 21 and Equation i|3.a[l . 

8 x {<t>,p,D,B) = (2nY n - 1 f3 1 (cb,p,DQ,BQ) = -^J dM {E + ^E + p)dy 



HEAT CONTENT ASYMPTOTICS 



5 



This shows that Co(m) = — -3= which completes the proof of Theorem 1 1.21 (2). 

Remark 3.1. The constant Co(m) was determined in [H] using a special case com- 
putation and the present calculation should be regarded as providing a useful cross 
check on that calculation. 

To prove the final assertion of Theorem 1 1.21 we express 02 m terms of invariants 
with undetermined universal coefficients. 

Lemma 3.2. There exist universal constants Ci so that 

fo(<t>, P , D,B) = - $ M {D<f>, p)dx + J 9M {-( 7m n+P0, p) 

-( 7ro IT^, Pp) + ((c 2 (A + A#) + c 3 L aa + C4,(j m ipp ~ i>Plm) 

+c 5 {ip A + $a# ) )n^, n+ # P ) }d y . 

Proof. We argue heuristically. By Lemma |2. II the interior integral for 02 is given 
by — (D<fi,p). Wc define the normalized invariant C, which is given by a suitable 
boundary integral, by the identity 

2 {<j>,p,D,B) = C{<j>,p,D,B)-J M {D<}>,p)dx 

+f aM {-(~/mntP<t>,p) - ( 7m ir>,p P )}<%. 

As we must replace 7m by — 7m in passing to the dual structures, we have 
= C(0, p, D, B) - C(p, 0, D, B) - f M {{D<f>, p) - (4>, Dp)}dx 

+ / 9 A/{-(7mn+P0, P ) - ( lm n+cj>,Pp) - <0,7mn+ # p P ) 

-<P^,7 m n+ # p)}dy . 

We now use the Greens formula given in Lemma ll~T1 (3) to see that 

C(<f>,p,D,B) = C(p,<p,D,B). 

Thus we can assume that the integral expressions for C are symmetric in cf> and p. 

If B<f> = 0, then C(<f>, p, D, B) = by Lemma |2~T1 (3). Similarly C{<j>, p, D,B) = 
if Bp = 0. Thus after eliminating divergence terms, the integral formula for C is 
bilinearly expressible in terms of tangential operators applied to 

{n+^n+p^} and {n+ #P ,n+ # pp}. 

Since the boundary integrals defining C have total weight 1, terms which are 
bilinear in H^Pcj) and Ii^ # Pp do not appear. By Lemma fl. II (4), 

7m n+ = (id-n+ # ) 7m so f aM ( 7m n+$,n+ # $) = o 

for any $, $. This shows that terms which are bilinear in Ti\P(j) and n^ # p or in 
Ilj[</> and IL^ # Pp do not involve 7m . Taking into account the symmetry of C, we 
see that these terms would have the form 

J aM 6o((n+p^n+ #P ) + (n+0,n+ # p P ))rfy. 

Lemma 12. II (5) now shows 6o = 0. Consequently 

C{<t> )P) D,B) = J dM (TIl+4>,IL+ # p)dy where 
T = biA + b 2 j m A + b 3 Aj m + b^ m A^ m 

+ c 3 L aa Id +b 5 ip P + b 6 j m ip P + b 7 ippj m + b 8 j m ip P j m 
+ b 9 7p A + b w j m ipA + hi?p A #j m + bi2^ A # ■ 
It is worth while making a few remarks about what invariants do not appear. Mod- 
ulo terms in L aa , we can replace jmipAJm by an d ipA by — ^A#lm- By Lemma 
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12.11 (5). "/ m L a a can not appear. Furthermore, the invariants jaippja and lalmippla 
would violate Remark 12.51 

Replacing P by P replaces 7 m by — j m , A by A#, ipp by ipp, and ipA by i\j a *- 
Thus the symmetry of Lemma 2.1 (2) yields b\ — 64, bg = —67, and 69 = 612. 
Lemma 2.1 (5) implies 62 = 63 = &5 = &s = &10 = &11 = 0. Setting b\ = 64 = ca, 
&6 = —67 = C4, and 69 = 612 = C5 then yields the formula of the Lemma; we use 
Remark 12. 51 to see the coefficients c, are universal. □ 

We complete the proof of Theorem II .21 (3) by showing: 

Lemma 3.3. (1) C2 = \, C4 = — |, c 5 = — |. 

(2)c 3 = |. 

Proof. Again, we take the flat metric in Example 12.31 The flat connection is com- 
patible with the Clifford module structure. It is not, however, the only possible 
compatible connection. Let g a be auxiliary real constants. We define a compatible 
connection by setting u> a := g a Id. As 7 a and 70 anti-commute with j m , 

ipp = 5x7 m 7o - Qala SO J m ljj P - 1p P J m = -2<$l70 ~ 2 1mlaQa, 
IpA = ^270 + SlmlaQa SO IpA + Jm^Alm = 2<5 2 70 + ^ImlaQa ■ 

We take p = near r = 1 so only the component where r = is relevant in 
integrating over DM. On this component, d r is the inward geodesic normal and we 
set e = 1. By Lemma 13.21 

fe{<f>,P,D,B) = -f M {D<f>,p) + f aM {-{'<f m S + '<f m (d r + 6x'y )<f>,p) 

+ (■y m 3 + <f>,i m (d r + <5i7o)/o) + (((2c 2 + 2c 5 )5 2 7o 

+ (2c 5 - 2c4)7 m 7a£»a - 2c 4 6i~f Q )E + (f), E + p)}dy 

= -J M ( D &P) +JdMi( E '-( d r + 5ilo)4>,p) - (3 + (f>,d r p) 

+ ([(-1 - 2c 4 )c5i7o + (2c 2 + 2c 5 )<527o + (2c 5 - 2c 4 )7 m 7 Q g a ]S + 0, p)}dy . 

On the other hand, since Pq = —(8% — Sf) Id, the connection defined by Dq is the 
trivial connection. Thus by Theorem 12. 21 

(27r) m - 1 f3 2 (^p,D ,Bo) 
= ~ Jm^' P) dx + Jc»m{( S -(^ + ^i7o)0, p) - (E+(j>,d r p)}dy. 

By Lemma |2~H /3 2 (0, p,D,B) = (2n) m ^ 1 p 2 ((t>, P, A), Bo). We may now complete 
the proof of Assertion (1) by deriving the relations 

2c 2 + 2c 5 = 0, 2c 5 - 2c 4 = 0, and 2c 4 = -1 . 

To study the coefficient of L aa , we let / be arbitrary in Example 12.31 but set 
5i = 0. We have A# = A; thus ft+ # = 11+ . Let <f> = <j)(r) and p = p{r). We 
suppose p vanishes identically near r — 1 and suppress e. We may then apply 
Lemma \l. 41 and Theorem 12.21 with S — to compute: 

/3 2 (^,<rVA£) = (2 7 r) m - 1 /3 2 (</>,p,^o,^o) 
= f M -(D <t>,p)drd0 + f gM {(3-dr<l>,p) - (E+harpftdO. 

We have IT^ = S + and IT£ # = 3+. Since Pg~ 1 p = —g~ 1 j m d r p and dy = gd9, 
IdM{( E - d r^P) ~ (3+(j),d r p)}d0 
= iQAii-ilmKP^g^P) - (imTl+^Pg^pndy. 
Consequently we have 

(3.b) = {c 2 (A + A*) + c 3 L aa + c 4 ( 7m Vp - ^pl m ) + c 5 (ip A + V^)}n+0 . 



HEAT CONTENT ASYMPTOTICS 



7 



We must define a compatible connection. Let u> m = and u a = \d r f ■ jmla define 
a connection Von y. We have 

Tmafc — T am 5 — Tabm — &ab& ^ &r f ■> 

T ma 6 = T am 6 = Sabdrf, and T a b m = Sabe 2f d r f . 
We have = dfjj — Tij k 7k + [^i?7i]- We show V7 = by checking: 
7w ; tn ~ 0, 

7m;a = -Fam^b + [w ,7m] = ~^r/ ' 7a + gSr/hWTa, 7m] = 0, 
7a;6 = -rba™7™ + M>, 7a] = <9 r / ' e 2f J m 5 a b + \d T f[^mlb, 7o] = . 

Consequently 

1p P = -"f a UJ a = -\d r f"f a "f m "f a = — |(m - l)d r fjm, 
IpA = Jmj a Ua + <$270 = — |(m - l)9 r / + 5 2 70 ■ 

Thus J m ipp — ippjm = and ^ + = L aa Id +262"fo- Furthermore as </> and 
p are independent of 0, A + A# = 25 2 7o- Thus Equation (|3.b|l yields 03 + 05 = 
so, by Assertion (1), C3 = — C5 = i. This completes the proof of Lemma [3.31 and 
thereby the proof of Theorem 1 1.21 □ 
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